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MEASURABILITY IN C(2κ) AND KUNEN CARDINALS
A. AVILE´S, G. PLEBANEK, AND J. RODRI´GUEZ
Abstract. A cardinal κ is called a Kunen cardinal if the σ-algebra on κ× κ
generated by all products A×B, where A,B ⊂ κ, coincides with the power set
of κ× κ. For any cardinal κ, let C(2κ) be the Banach space of all continuous
real-valued functions on the Cantor cube 2κ. We prove that κ is a Kunen car-
dinal if and only if the Baire σ-algebra on C(2κ) for the pointwise convergence
topology coincides with the Borel σ-algebra on C(2κ) for the norm topology.
Some other links between Kunen cardinals and measurability in Banach spaces
are also given.
1. Introduction
In every completely regular topological space T there are two natural σ-algebras:
the Borel σ-algebra Bo(T ) generated by all open sets and, usually much smaller,
the Baire σ-algebra Ba(T ) generated by all continuous real-valued functions on T .
For a Banach space X , we always have
Ba(Xw) ⊂ Bo(Xw) ⊂ Bo(X) = Ba(X)
where Xw stands for X equipped with its weak topology. Moreover, for the Banach
space C(K) of all continuous real-valued functions on a compact space K, other
σ-algebras appear:
Ba(Cp(K)) ⊂ Bo(Cp(K))
∩ ∩
Ba(Cw(K)) ⊂ Bo(Cw(K)) ⊂ Bo(C(K))
where Cp(K) (resp. Cw(K)) stands for C(K) equipped with the pointwise conver-
gence (resp. weak) topology. It is well-known that all these σ-algebras coincide for
separable Banach spaces. For nonseparable Banach spaces some of the inclusions
above might be strict and the equalities between these σ-algebras are closely related
to several interesting properties of X and K, see e.g. [2, 3, 9, 10, 18, 19, 26].
The first example of a nonseparable Banach space X for which Ba(Xw) = Bo(X)
was given by Fremlin [12] showing that such equality holds for X = ℓ1(ω1). For
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any cardinal κ, Fremlin proved that the equality
Ba(ℓ1(κ)w) = Bo(ℓ
1(κ))
is equivalent to saying that
(1.1) P(κ× κ) = P(κ)⊗ P(κ)
(i.e. the power set of κ× κ coincides with the σ-algebra on κ× κ generated by all
products A × B, where A,B ⊂ κ). From now on we shall say that a cardinal κ is
a Kunen cardinal if (1.1) holds. This notion has its origin in a problem posed by
Ulam [30] and was investigated by Kunen in his doctoral dissertation [17]. Let us
mention that:
(i) any Kunen cardinal is less than or equal to c;
(ii) ω1 is a Kunen cardinal;
(iii) c is a Kunen cardinal under Martin’s axiom, while it is relatively consistent
that c is not a Kunen cardinal.
Kunen cardinals have been also considered by Talagrand [27] in connection with
measurability properties of Banach spaces, and in a paper by Todorcevic [29] on
universality properties of ℓ∞/c0, where the reader can find more accurate historical
remarks on this topic.
In this paper we focus on the Banach space C(2κ) for a cardinal κ and prove
that the equality
Ba(Cp(2
κ)) = Bo(C(2κ))
holds if and only if κ is a Kunen cardinal (Theorem 2.8). This extends Fremlin’s
aforementioned result, since C(2κ) contains ℓ1(κ) isomorphically. The picture of
coincidence of σ-algebras on C(2κ) is then the following:
(a) Bo(Cp(2
κ)) = Bo(C(2κ)) for any κ, since C(2κ) admits a pointwise Kadec
equivalent norm, see e.g. [4, VII.1.10] and [10].
(b) Ba(Cp(2
κ)) = Ba(Cw(2
κ)) if and only if κ ≤ c. Indeed, the “if” follows
from the fact that any Radon probability on 2c admits a uniformly dis-
tributed sequence (cf. [13, 491Q]). On the other hand, if κ > c then 2κ
is nonseparable and so the standard product measure on 2κ cannot be
Ba(Cp(2
κ))-measurable (cf. [25, Proposition 3.6]).
(c) Ba(Cp(2
κ)) = Bo(C(2κ)) if and only if κ is a Kunen cardinal.
The paper is organized as follows. Section 2 is entirely devoted to prove state-
ment (c) (Theorem 2.8). The proof is self-contained and rather technical.
In Section 3 we single out a certain topological property of a compact space K
which guarantees that Ba(Cp(K)) = Bo(Cp(K)) (Corollary 3.4). That property
holds for K = 2ω1 and this gives a more direct proof of the equality Ba(Cp(2
ω1)) =
Bo(C(2ω1)) which relies on statement (a) above.
In Section 4 we show that a Banach space X admits a non Ba(Xw)-measurable
equivalent norm whenever X has a biorthogonal system of non Kunen cardinality
(Theorem 4.4): this applies to C(2κ) and ℓ1(κ) provided that κ is not Kunen.
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Terminology. For any n ∈ N we write 2n := {0, 1}n. As usual, ω1 denotes the first
uncountable ordinal and c is the cardinality of the continuum. All our topological
spaces are assumed to be Hausdorff. Given a measurable space (Y,Σ) and S ⊂ Y ,
the trace of Σ on S is the σ-algebra on S defined by {S ∩A : A ∈ Σ}.
Given any set Γ, we write P(Γ) to denote the power set of Γ. The symbol |Γ|
stands for the cardinality of Γ. The σ-algebra on Γ2 = Γ × Γ generated by all
products A×B, where A,B ⊂ Γ, is denoted by P(Γ)⊗ P(Γ). For any U ⊂ Γ, the
characteristic function 1U : Γ→ {0, 1} is defined by 1U (γ) = 1 if γ ∈ U , 1U (γ) = 0
if γ ∈ U . We denote by 2Γ the Cantor cube, i.e. the set of all {0, 1}-valued
functions on Γ, which becomes a compact space when equipped with the pointwise
convergence topology. P(Γ) and 2Γ can be identified via U 7→ 1U .
Given a set E and F ⊂ RE , we write σ(F) to denote the σ-algebra on E
generated by F (i.e. the smallest one for which every f ∈ F is measurable). It
is well-known that if E is a locally convex space then Ba(Ew) = σ(E
′), where Ew
stands for E equipped with its weak topology and E′ is the (topological) dual of E,
see [9, Theorem 2.3]. In particular, we have:
(i) Ba(Cp(K)) = σ({δt : t ∈ K}) for every compact space K, where δt denotes
the Dirac delta at t ∈ K.
(ii) Ba(Xw) = σ(X
∗) for every Banach space X (with dual X∗).
In view of (ii) and the Hahn-Banach theorem, if Y is a closed subspace of a Banach
space X , then the trace of Ba(Xw) on Y is exactly Ba(Yw).
2. The main result
The aim of this section is to prove that the equality Ba(Cp(2
Γ)) = Bo(C(2Γ)) is
equivalent to saying that |Γ| is a Kunen cardinal (Theorem 2.8 below). The proof
is split into several lemmas for the convenience of the reader. Throughout this
section Γ is a fixed infinite set.
Lemma 2.1. Let A ∈ P(Γ) ⊗ P(Γ). Define an equivalence relation ≈ on Γ by
saying that γ ≈ γ′ if and only if, for each δ ∈ Γ, we have
(δ, γ) ∈ A ⇔ (δ, γ′) ∈ A and (γ, δ) ∈ A ⇔ (γ′, δ) ∈ A.
Then ≈ has at most c many equivalence classes.
Proof. Take Bn ⊂ Γ, n ∈ N, such that A belongs to the σ-algebra A0 on Γ2
generated by the sequence (B2m × B2m−1)m∈N. Define an equivalence relation ∼
on Γ by
γ ∼ γ′ ⇔ 1Bn(γ) = 1Bn(γ
′) for all n ∈ N.
Since there are at most c distinct sequences of the form (1Bn(γ))n∈N ∈ 2
N, the
relation ∼ has at most c many equivalence classes. Let A1 be the family made up
of all C ∈ A0 such that, for each γ ∼ γ′ and δ ∼ δ′, we have
(γ, δ) ∈ C ⇔ (γ′, δ′) ∈ C.
4 A. AVILE´S, G. PLEBANEK, AND J. RODRI´GUEZ
Clearly A1 is a σ-algebra containing B2m × B2m−1 for all m ∈ N, hence A0 = A1
and so A ∈ A1. In particular, we have γ ≈ γ′ whenever γ ∼ γ′. It follows that the
relation ≈ has at most c many equivalence classes as well. 
Part (ii) of the following lemma is well-known, see [17].
Lemma 2.2. Let Ω = {(γ1, γ2) ∈ Γ2 : γ1 6= γ2} and let Σ be the trace of P(Γ)⊗P(Γ)
on Ω. Then:
(i) |Γ| is a Kunen cardinal if and only if Σ = P(Ω).
(ii) If |Γ| > c, then |Γ| is not a Kunen cardinal.
Proof. We distinguish two cases:
Case |Γ| ≤ c. We can assume without loss of generality that Γ ⊂ R. For each
U ⊂ Γ, we have
(2.1) {(γ, γ) : γ ∈ U} =
⋂
n∈N
⋃
q∈Q
(
U ∩
(
q −
1
n
, q +
1
n
))2
∈ P(Γ)⊗ P(Γ).
In particular, we get Ω ∈ P(Γ)⊗P(Γ) and so Σ ⊂ P(Γ)⊗P(Γ). Suppose now that
|Γ| is not a Kunen cardinal. If A ⊂ Γ2 is any set not belonging to P(Γ) ⊗ P(Γ),
then A ∩ Ω 6∈ Σ because (2.1) implies that A \ Ω ∈ P(Γ)⊗ P(Γ).
Case |Γ| > c. Let ≡ be an equivalence relation on Γ for which all equivalence
classes are infinite and have cardinality less than or equal to c. We shall check that
the set
W := {(γ1, γ2) ∈ Ω : γ1 ≡ γ2}
does not belong to Σ. Suppose if possible otherwise. Then there is A ∈ P(Γ)⊗P(Γ)
such that A ∩ Ω = W . Let ≈ be the equivalence relation on Γ induced by A as
defined in Lemma 2.1. Since |Γ| > c, an appeal to Lemma 2.1 ensures the existence
of E ⊂ Γ with |E| > c such that γ ≈ γ′ whenever γ, γ′ ∈ E. Given distinct γ, γ′ ∈ E
we can find δ ∈ Γ \ {γ, γ′} with δ ≡ γ. Then (δ, γ) ∈ W = A ∩ Ω and the fact
that γ ≈ γ′ implies that (δ, γ′) ∈ A ∩ Ω = W , hence γ ≡ γ′. This means that E is
contained in some equivalence class of ≡, which has cardinality less than or equal
to c. This contradiction finishes the proof. 
From now on we denote by I the family of all closed nonempty intervals of R.
Definition 2.3. Let n ∈ N.
(i) A function τ : 2n → I is called a type (or an n-type).
(ii) Let τ be an n-type. We say that f ∈ C(2Γ) has type τ if there exist
γ1, . . . , γn ∈ Γ such that
f(x) ∈ τ(xγ1 , . . . , xγn) for every x ∈ 2
Γ.
We denote by Yτ the set of all f ∈ C(2Γ) having type τ .
Lemma 2.4. If |Γ| ≤ c, then Yτ belongs to Ba(Cp(2Γ)) for every type τ .
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Proof. Since |Γ| ≤ c, we can suppose that Γ is a subset of the Cantor set ∆ = 2N.
We write γ = (γ[m])m∈N when we express γ ∈ ∆ as a sequence of 0’s and 1’s. For
each m ∈ N, we consider
Γm := {γ ∈ ∆ : γ[k] = 0 for all k > m}.
Observe that
⋃
m∈N Γm is countable and so we can suppose without loss of generality
that
⋃
m∈N Γm ⊂ Γ. For each m ∈ N, let
Km := {x ∈ 2
Γ : xγ = xδ whenever γ, δ ∈ Γ satisfy γ[k] = δ[k] for all k ≤ m}.
Note that Km is finite. Indeed, it is easy to check that Km = {xσ : σ ∈ 22
m
},
where xσ ∈ 2Γ is defined by xσ(γ) := σ((γ[1], . . . , γ[m])) for all γ ∈ Γ.
Let n ∈ N be such that τ is an n-type. The set
A :=
⋂
m∈N
⋃
γm
1
,...,γm
n
∈Γm
⋂
x∈Km
{f ∈ C(2Γ) : f(x) ∈ τ(xγm
1
, . . . , xγm
n
)}
belongs to Ba(Cp(2
Γ)). So, in order to prove that Yτ ∈ Ba(Cp(2Γ)) it is enough to
check that Yτ = A.
We first prove Yτ ⊂ A. Take f ∈ Yτ . Then there exist γ1, . . . , γn ∈ Γ such that
f(x) ∈ τ(xγ1 , . . . , xγn) for every x ∈ 2
Γ. Given m ∈ N and i ∈ {1, . . . , n}, we can
choose γmi ∈ Γm such that γ
m
i [k] = γi[k] for all k ≤ m. For each x ∈ Km we have
xγm
i
= xγi and hence f(x) ∈ τ(xγm1 , . . . , xγmn ). Therefore, f ∈ A.
We now prove A ⊂ Yτ . Take f ∈ A. We can consider the function f˜ ∈ C(2∆)
given by f˜(x) := f(x|Γ). For each m ∈ N, set
K˜m := {x ∈ 2
∆ : xγ = xδ whenever γ, δ ∈ ∆ satisfy γ[k] = δ[k] for all k ≤ m},
Pm = {(γ1, . . . , γn) ∈ ∆
n : f˜(x) ∈ τ(xγ1 , . . . , xγn) for all x ∈ K˜m}.
Observe that Pm 6= ∅ because f ∈ A and x|Γ ∈ Km whenever x ∈ K˜m. It is easy to
check that, for each x ∈ K˜m, the set {(γ1, . . . , γn) ∈ ∆n : f˜(x) ∈ τ(xγ1 , . . . , xγn)}
is closed, hence Pm is compact. Now, since Pm ⊃ Pm+1 for all m ∈ N, we can pick
(δ1, . . . , δn) ∈
⋂
m∈N Pm. Then f˜(x) ∈ τ(xδ1 , . . . , xδn) for every x ∈
⋃
m∈N K˜m.
We claim that
⋃
m∈N K˜m is dense in 2
∆. Indeed, fix z ∈ 2∆ and take a fi-
nite set of coordinates {γ1, . . . , γp} ⊂ ∆. Choose m ∈ N large enough such that
(γi[1], . . . , γi[m]) 6= (γj [1], . . . , γj[m]) whenever i 6= j. Then the element x ∈ 2∆
defined by
xγ :=
{
zγi if γ[k] = γi[k] for all k ≤ m,
0 otherwise,
belongs to K˜m and satisfies xγi = zγi for every i. This proves the claim.
It follows that f˜(x) ∈ τ(xδ1 , . . . , xδn) for every x ∈ 2
∆. We choose an arbitrary
ξ ∈ Γ and, for each i ∈ {1, . . . , n}, we define γi := δi if δi ∈ Γ and γi := ξ if δi 6∈ Γ.
We claim that f(x) ∈ τ(xγ1 , . . . , xγn) for every x ∈ 2
Γ. Indeed, given any x ∈ 2Γ,
we can select z ∈ 2∆ such that z|Γ = x and zδi = xξ whenever δi 6∈ Γ, so that
f(x) = f˜(z) ∈ τ(zδ1 , . . . , zδn) = τ(xγ1 , . . . , xγn),
as claimed. This shows that f ∈ Yτ and the proof is over. 
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The proof of the key Lemma 2.7 is rather technical and will be given later
(Subsection 2.1). In order to state that lemma we first need some definitions. From
now on, the “coordinates” of any γ ∈ Γn, n ∈ N, are denoted by γ1, . . . , γn, that is,
we write γ = (γ1, . . . , γn).
Definition 2.5. Let τ be an n-type.
(i) We say that γ, δ ∈ Γn are τ -proximal if
τ(1U (γ1), . . . , 1U (γn)) ∩ τ(1U (δ1), . . . , 1U (δn)) 6= ∅
for every U ⊂ Γ.
(ii) We say that A,B ⊂ Γn are τ -separated if there exist no γ ∈ A and δ ∈ B
which are τ-proximal.
Definition 2.6. Let (Y,Σ) be a measurable space. We say that U, V ⊂ Y are
Σ-separated if there is S ∈ Σ such that U ⊂ S and V ∩ S = ∅.
Lemma 2.7. Let τ be an n-type, (Y,Σ) a measurable space and Φ : Γn → P(Y ) a
multifunction satisfying:
(S) For each U ⊂ Γ and each closed set I ⊂ R, the sets
Φ
(
{γ ∈ Γn : τ(1U (γ1), . . . , 1U (γn)) ⊂ I}
)
Φ
(
{γ ∈ Γn : τ(1U (γ1), . . . , 1U (γn)) ∩ I = ∅}
)
are Σ-separated.
Suppose |Γ| is a Kunen cardinal. If A,B ⊂ Γn are τ-separated, then Φ(A) and
Φ(B) are Σ-separated.
We write C(2Γ, 2) to denote the subset of C(2Γ) made up of all {0, 1}-valued
functions, which can be identified with the algebra Clop(2Γ) of all clopen subsets
of 2Γ via the bijection
ψ : Clop(2Γ)→ C(2Γ, 2), ψ(A) := 1A.
The trace of Ba(Cp(2
Γ)) on C(2Γ, 2) is denoted by Ba(Cp(2
Γ, 2)). Observe that
{ψ−1(E) : E ∈ Ba(Cp(2Γ, 2))} is exactly the σ-algebra on Clop(2Γ) generated by
all ultrafilters. On the other hand, since C(2Γ, 2) is norm discrete, the trace of
Bo(C(2Γ)) on C(2Γ, 2) is exactly P(C(2Γ, 2)).
We now arrive at our main result:
Theorem 2.8. The following statements are equivalent:
(i) |Γ| is a Kunen cardinal.
(ii) Ba(Cp(2
Γ)) = Bo(C(2Γ)).
(iii) Ba(Cp(2
Γ, 2)) = P(C(2Γ, 2)).
(iv) The σ-algebra on Clop(2Γ) generated by all ultrafilters is P(Clop(2Γ)).
Proof. (iii)⇔(iv) follows from the comments preceding the theorem.
(i)⇒(ii). Let us write Y := C(2Γ) and Σ := Ba(Cp(2Γ)). Let Θ be an open
subset of Y in the norm topology. We shall prove that Θ ∈ Σ.
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Step 1. Fix an n-type τ and consider the multifunction Φτ : Γn → P(Y ) given
by
Φτ (γ) :=
{
f ∈ Y : f(x) ∈ τ(xγ1 , . . . , xγn) for all x ∈ 2
Γ
}
⊂ Yτ .
We first observe that γ, δ ∈ Γn are τ -proximal if and only if Φτ (γ) ∩ Φτ (δ) 6= ∅.
Indeed, the “if” part follows from the fact that
f(1U ) ∈ τ(1U (γ1), . . . , 1U (γn)) ∩ τ(1U (δ1), . . . , 1U (δn))
whenever f ∈ Φτ (γ) ∩ Φτ (δ) and U ⊂ Γ. Conversely, assume that γ and δ are
τ -proximal. Then for each U ⊂ Γ we can pick
tU ∈ τ(1U (γ1), . . . , 1U (γn)) ∩ τ(1U (δ1), . . . , 1U (δn)).
Let W be the subset of Γ made up of all γi’s and δi’s. Since W is finite, the
function f : 2Γ → R given by f(1U ) := tU∩W is continuous. Moreover, since
1U (γi) = 1U∩W (γi) and 1U (δi) = 1U∩W (δi) for every U ⊂ Γ and every i, we have
f ∈ Φτ (γ) ∩ Φτ (δ). Hence Φτ (γ) ∩ Φτ (δ) 6= ∅.
It follows at once that the following two subsets of Γn are τ -separated:
Aτ := {γ ∈ Γ
n : Φτ (γ) \Θ 6= ∅},
Bτ = {γ ∈ Γ
n : Φτ (γ) ∩ Φτ (Aτ ) = ∅}.
On the other hand, Yτ ∈ Σ (by Lemmas 2.2 and 2.4) and so, for each U ⊂ Γ and
each closed set I ⊂ R, the set S(U,I) := {f ∈ Yτ : f(1U) ∈ I} belongs to Σ and
satisfies
Φτ
(
{γ ∈ Γn : τ(1U (γ1), . . . , 1U (γn)) ⊂ I}
)
⊂ S(U,I),
Φτ
(
{γ ∈ Γn : τ(1U (γ1), . . . , 1U (γn)) ∩ I = ∅}
)
∩ S(U,I) = ∅.
An appeal to Lemma 2.7 ensures that Φτ (Aτ ) and Φ
τ (Bτ ) are Σ-separated, that
is, there is Θτ ∈ Σ such that Φτ (Bτ ) ⊂ Θτ and Φτ (Aτ )∩Θτ = ∅. Bearing in mind
that Yτ ∈ Σ, we can assume further that Θτ ⊂ Yτ .
Step 2. We write I0 to denote the (countable) family of all closed nonempty
intervals of R with rational endpoints. To finish the proof we shall check that
(2.2) Θ =
⋃
{Θτ : τ is a type with values in I0}.
On the one hand, for any n-type τ , we have Θτ ⊂ Yτ \ Φτ (Aτ ). Moreover, we
have Yτ \Φτ (Aτ ) ⊂ Θ, because for each f ∈ Yτ \Φτ (Aτ ) there is some γ ∈ Γn \Aτ
such that f ∈ Φτ (γ) ⊂ Θ. Thus, the inclusion “⊃” in (2.2) holds true.
In order to prove the reverse inclusion, fix f ∈ Θ. Since Θ is norm open, there is
ε > 0 such that ‖f − h‖∞ ≥ 2ε for every h ∈ Y \Θ. By the continuity of f and the
compactness of 2Γ, we can find finitely many basic clopen sets Ci ⊂ 2Γ such that
2Γ =
⋃
iCi and the oscillation of f on each Ci is less than ε. Thus, we can find a
finite set {γ1, . . . , γn} ⊂ Γ and a type τ : 2n → J0 such that:
(a) τ(p) has length less than ε for every p ∈ 2n,
(b) f(x) ∈ τ(xγ1 , . . . , xγn) for every x ∈ 2
Γ.
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Condition (b) means that f ∈ Φτ (γ), where γ := (γ1, . . . , γn) ∈ Γn.
We claim that f ∈ Θτ . Indeed, it suffices to check that γ ∈ Bτ , because in that
case we would have f ∈ Φτ (γ) ⊂ Φτ (Bτ ) ⊂ Θτ . Our proof is by contradiction:
suppose that γ 6∈ Bτ . Then there exists δ ∈ Aτ such that Φτ (γ) ∩Φτ (δ) 6= ∅. Take
g ∈ Φτ (γ) ∩ Φτ (δ) and h ∈ Φτ (δ) \Θ. By (a) we have:
‖u− v‖∞ < ε for every u, v ∈ Φ
τ (ζ) and every ζ ∈ Γn.
Therefore, ‖f−g‖∞ < ε (since f, g ∈ Φτ (γ)) and ‖g−h‖∞ < ε (since g, h ∈ Φτ (δ)).
We conclude that ‖f − h‖∞ < 2ε, which contradicts the choice of ε because h 6∈ Θ.
(ii)⇒(iii) is obvious.
(iii)⇒(i). Let Ω := {(γ1, γ2) ∈ Γ
2 : γ1 6= γ2} be equipped with the trace Σ of the
product σ-algebra P(Γ)⊗ P(Γ). The function H : Ω→ C(2Γ, 2) given by
H(γ1, γ2)(x) := xγ1(1− xγ2)
is Σ-Ba(Cp(2
Γ, 2))-measurable, because for each x ∈ 2Γ we have
{(γ1, γ2) ∈ Ω : H(γ1, γ2)(x) = 1} = {γ ∈ Γ : xγ = 1} × {γ ∈ Γ : xγ = 0} ∈ Σ.
Since Ba(Cp(2
Γ, 2)) = P(C(2Γ, 2)), we have H−1(X) ∈ Σ for every X ⊂ Cp(2
Γ, 2).
Thus, bearing in mind that H is one-to-one, we conclude that Σ = P(Ω). An
appeal to Lemma 2.2(i) ensures that |Γ| is a Kunen cardinal. The proof is over. 
Recall that a compact space K is called dyadic if K is a continuous image of 2κ
for some cardinal κ; in this case, κ can be taken to be equal to the weight of K,
see [11, 3.12.12]. The class of dyadic compacta of (infinite) weight κ contains in
particular κ-fold products of compact metrizable spaces.
Corollary 2.9. If K is a dyadic space and its weight is a Kunen cardinal, then
Ba(Cp(K)) = Bo(C(K)).
Proof. Let κ be the weight of K. If ϕ : 2κ → K is a continuous surjection then
the mapping T : C(K)→ C(2κ), T (g) := g ◦ϕ, is an isometric embedding which is
pointwise continuous, so the assertion follows directly from Theorem 2.8. 
Corollary 2.10. Let {Xα : α < κ} be a family of separable Banach spaces, where
κ is a Kunen cardinal. Then X :=
⊕
ℓ1{Xα : α < κ} satisfies Ba(Xw) = Bo(X).
Proof. If κ is finite then X is separable and so Ba(Xw) = Bo(X). Suppose κ
is infinite. Since each (BX∗
α
, w∗) is a metrizable compact, there is a continuous
surjection 2N → BX∗
α
. Hence there is a continuous surjection
2κ →
∏
α<κ
BX∗
α
= BX∗ ,
so X is isometric to a closed subspace of C(2κ). Since Ba(C(2κ)w) = Bo(C(2
κ))
(by Theorem 2.8), we have Ba(Xw) = Bo(X) as well. 
Corollary 2.11 (Fremlin). Ba(ℓ1(Γ)w) = Bo(ℓ
1(Γ)) if |Γ| is a Kunen cardinal.
Remark 2.12. Let K be a compact space.
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(i) Suppose there exists a maximal family {µα : α < κ} of mutually singular
Radon probabilities on K such that:
• κ is a Kunen cardinal,
• each L1(µα) is separable.
Then Ba(C(K)∗w) = Bo(C(K)
∗), because C(K)∗ is isomorphic to the space⊕
ℓ1{L
1(µα) : α < κ} (cf. [1, proof of Proposition 4.3.8]).
(ii) The existence of a family {µα : α < κ} as in (i) is guaranteed if:
• |K| = c is Kunen,
• span{δt : t ∈ K} is sequentially w∗-dense in C(K)∗,
• L1(µ) is separable for every Radon probability µ on K.
Thus, assuming that c is Kunen, the equality Ba(C(K)∗w) = Bo(C(K)
∗)
holds true whenever |K| = c and K belongs to one of the following classes
of compacta: Eberlein, Corson (under MA + non CH), Rosenthal, linearly
ordered, Radon-Nikody´m, etc. (see e.g. [8, 21] and the references therein).
2.1. Proof of Lemma 2.7. This subsection is devoted to prove Lemma 2.7 above.
The proof is divided into several auxiliary lemmas. Throughout, τ is an n-type,
(Y,Σ) is a measurable space and Φ : Γn → P(Y ) is a multifunction satisfying:
(S) For each U ⊂ Γ and each closed set I ⊂ R, the sets
Φ
(
{γ ∈ Γn : τ(1U (γ1), . . . , 1U (γn)) ⊂ I}
)
Φ
(
{γ ∈ Γn : τ(1U (γ1), . . . , 1U (γn)) ∩ I = ∅}
)
are Σ-separated.
Definition 2.13. Let E be an equivalence relation on {1, . . . , n} × {0, 1}. We say
that E is a τ -proximality relation (and we write E ∈ Prox(τ)) if τ(γ0)∩ τ(γ1) 6= ∅
whenever γ0, γ1 ∈ 2n satisfy
(p, i)E(q, j) ⇒ γip = γ
j
q
for every (p, i), (q, j) ∈ {1, . . . , n} × {0, 1}.
Lemma 2.14. Let γ0, γ1 ∈ Γn. The following statements are equivalent:
(i) γ0, γ1 are τ-proximal.
(ii) There is E ∈ Prox(τ) such that
(p, i)E(q, j) ⇒ γip = γ
j
q
for every (p, i), (q, j) ∈ {1, . . . , n} × {0, 1}.
Proof. (i)⇒(ii). The equivalence relation E on {1, . . . , n} × {0, 1} defined by
(p, i)E(q, j) ⇔ γip = γ
j
q
is a τ -proximality relation. Indeed, let δ0, δ1 ∈ 2n satisfy the condition:
(p, i)E(q, j) ⇒ δip = δ
j
q
for every (p, i), (q, j) ∈ {1, . . . , n}×{0, 1}. Let U ⊂ Γ be the set made up of all γ0p ’s
with δ0p = 1 and all γ
1
p’s with δ
1
p = 1. Then
τ(1U (γ
i
1), . . . , 1U (γ
i
n)) = τ(δ
i) for i ∈ {0, 1}
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and so the τ -proximality of γ0 and γ1 implies that τ(δ0) ∩ τ(δ1) 6= ∅.
(ii)⇒(i). Fix U ⊂ Γ and set
δi := (1U (γ
i
1), . . . , 1U (γ
i
n)) ∈ 2
n for i ∈ {0, 1}.
Observe that if (p, i)E(q, j) then γip = γ
j
q and so 1U (γ
i
p) = 1U (γ
j
q). Bearing in mind
that E ∈ Prox(τ), we conclude that
τ(1U (γ
0
1), . . . , 1U (γ
0
n)) ∩ τ(1U (γ
1
1), . . . , 1U (γ
1
n)) = τ(δ
0) ∩ τ(δ1) 6= ∅.
This shows that γ0 and γ1 are τ -proximal. 
Definition 2.15. Let E ∈ Prox(τ).
(i) An equivalence class C of E is called a linking class if C = [(p, 0)] = [(q, 1)]
for some p, q ∈ {1, . . . , n}. We denote by ℓE the set of linking equivalence
classes of E.
(ii) Let i ∈ {0, 1} and A ⊂ Γn. We define LiE(A) as the set of all γ˜ ∈ Γ
ℓE for
which there is γ ∈ A such that:
• γp = γq whenever (p, i)E(q, i);
• γk = γ˜[(k,i)] whenever [(k, i)] ∈ ℓE.
Lemma 2.16. Let A,B ⊂ Γn. The following statements are equivalent:
(i) A and B are τ-separated.
(ii) L0E(A) ∩ L
1
E(B) = ∅ for every E ∈ Prox(τ).
Proof. (i)⇒(ii). Suppose that L0E(A) ∩ L
1
E(B) 6= ∅ for some E ∈ Prox(τ). Take
γ˜ ∈ L0E(A) ∩ L
1
E(B) and choose γ
0 ∈ A, γ1 ∈ B, such that for i ∈ {0, 1} we have
γip = γ
i
q whenever (p, i)E(q, i) and γ
i
k = γ˜[(k,i)] for every [(k, i)] ∈ ℓE .
Therefore, γip = γ
j
q whenever (p, i)E(q, j). An appeal to Lemma 2.14 ensures that
γ0 and γ1 are τ -proximal, so A and B are not τ -separated.
(ii)⇒(i). If A and B are not τ -separated, then (by Lemma 2.14) there exist
γ0 ∈ A, γ1 ∈ B and E ∈ Prox(τ) such that
(p, i)E(q, j) ⇒ γip = γ
j
q
for every (p, i), (q, j) ∈ {1, . . . , n} × {0, 1}. Then we can define γ˜ ∈ ΓℓE by saying
that γ˜[(p,i)] := γ
i
p for every [(p, i)] ∈ ℓE . Clearly, γ˜ ∈ L
0
E(A) ∩ L
1
E(B). 
Remark 2.17. Let Un, Vn ⊂ Y , n ∈ N. If Un and Vm are Σ-separated for every
n,m ∈ N, then
⋃
n∈N Un and
⋃
n∈N Vn are Σ-separated as well.
Proof. For each n,m ∈ N, fix Sn,m ∈ Σ such that Un ⊂ Sn,m and Vm ∩ Sn,m = ∅.
Then S :=
⋃
n∈N
⋂
m∈N Sn,m ∈ Σ satisfies
⋃
n∈N Un ⊂ S and
(⋃
n∈N Vn
)
∩S = ∅. 
Lemma 2.18. Let E0 ∈ Prox(τ). For each E ∈ Prox(τ) \ {E0}, let us fix disjoint
sets XE , YE ⊂ ΓℓE . Let V be the family of all W ⊂ ΓℓE0 for which the following
statement holds:
“If A,B ⊂ Γn satisfy
• L0E(A) ⊂ XE and L
1
E(B) ⊂ YE for every E ∈ Prox(τ)\ {E0},
• L0E0(A) ⊂W and L
1
E0
(B) ∩W = ∅,
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then Φ(A) and Φ(B) are Σ-separated.”
Then V is closed under countable unions and countable intersections.
Proof. Let (Wm)m∈N be an arbitrary sequence in V. We shall prove first that
W :=
⋃
m∈NWm ∈ V. For let A,B ⊂ Γ
n be sets satisfying
(i) L0E(A) ⊂ XE and L
1
E(B) ⊂ YE for every E ∈ Prox(τ) \ {E0},
(ii) L0E0(A) ⊂W and L
1
E0
(B) ∩W = ∅.
Note that for every γ ∈ Γn the set L0E0({γ}) is either empty or a singleton. For
each m ∈ N, define
Am := {γ ∈ A : L
0
E0
({γ}) ⊂Wm}.
Since
⋃
γ∈A L
0
E0
({γ}) = L0E0(A) ⊂ W , we have A =
⋃
m∈NAm. Thus, bearing
in mind Remark 2.17, in order to prove that Φ(A) =
⋃
m∈N Φ(Am) and Φ(B) are
Σ-separated it suffices to check that, for each m ∈ N, the sets Φ(Am) and Φ(B) are
Σ-separated. Fix m ∈ N and observe that:
• L0E(Am) ⊂ L
0
E(A) ⊂ XE and L
1
E(B) ⊂ YE for E ∈ Prox(τ)\{E0} (by (i)),
• L0E0(Am) =
⋃
γ∈Am
L0E0({γ}) ⊂Wm and L
1
E0
(B) ∩Wm = ∅ (by (ii)).
Since Wm ∈ V we conclude that Φ(Am) and Φ(B) are Σ-separated, as desired. It
follows that W ∈ V.
We now prove that W ′ :=
⋂
m∈NWm ∈ V. Fix A,B ⊂ Γ
n such that
(i’) L0E(A) ⊂ XE and L
1
E(B) ⊂ YE for every E ∈ Prox(τ) \ {E0},
(ii’) L0E0(A) ⊂W
′ and L1E0(B) ∩W
′ = ∅.
For each m ∈ N we define
Bm := {γ ∈ B : L
1
E0
({γ}) ∩Wm = ∅}.
Since each L1E0({γ}) is either empty or a singleton, and⋃
γ∈B
L1E0({γ}) = L
1
E0
(B) ⊂ ΓℓE0 \W ′ =
⋃
m∈N
ΓℓE0 \Wm,
we have B =
⋃
m∈NBm. Therefore, to show that Φ(A) and Φ(B) =
⋃
m∈N Φ(Bm)
are Σ-separated it is enough to check that, for each m ∈ N, the sets Φ(A) and
Φ(Bm) are Σ-separated. This follows immediately from the facts thatWm ∈ V and
• L0E(A) ⊂ XE and L
1
E(Bm) ⊂ L
1
E(B) ⊂ YE for E ∈ Prox(τ)\{E0} (by (i’)).
• L0E0(A) ⊂W
′ ⊂Wm (by (ii’)) and
L1E0(Bm) =
⋃
γ∈Bm
L1E0({γ}) ⊂ Γ
ℓE0 \Wm.
This proves that W ′ ∈ V and we are done. 
Definition 2.19. Let Ω be a set and A1, . . . , Am ∈ P(Ω). We say that C ⊂ Ω is
an atom of the algebra on Ω generated by A1, . . . , Am if C is nonempty and can be
written as C =
⋂m
i=1Di where each Di ∈ {Ai,Ω \Ai}.
Definition 2.20. A set W ⊂ Γn is called a product if it can be expressed as
W =
∏n
i=1Wi for some Wi ⊂ Γ (which are called the factors of W ).
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Lemma 2.21. Let A,B ⊂ Γn be products. If A and B are τ-separated, then Φ(A)
and Φ(B) are Σ-separated.
Proof. Write A =
∏n
i=1Wi and B =
∏n
i=1W
′
i . Let V1, . . . , Vm be the atoms of the
algebra on Γ generated by W1, . . . ,Wn and W
′
1, . . . ,W
′
n. Then A (resp. B) is the
union of all products of the form
∏n
i=1 Vki where Vki ⊂Wi (resp. Vki ⊂W
′
i ). Thus,
an appeal to Remark 2.17 allows us to assume that A and B are of the form
A =
n∏
i=1
Vki B =
n∏
i=1
Vri
for some ki, ri ∈ {1, . . . ,m}.
For each j = 1, . . . ,m we choose γj ∈ Vj . Define γ0 ∈ A and γ1 ∈ B by declaring
γ0i := γki and γ
1
i := γri for i ∈ {1, . . . , n}. Since A and B are τ -separated, γ
0 and
γ1 are not τ -proximal, so there exists U ⊂ Γ such that
τ(1U (γk1), . . . , 1U (γkn)) ∩ τ(1U (γr1), . . . , 1U (γrn)) = ∅.
Define V :=
⋃
{Vj : γj ∈ U} ⊂ Γ. Observe that for each i ∈ {1, . . . , n} we have
γki ∈ U if and only if γki ∈ V , and γri ∈ U if and only if γri ∈ V . Therefore
(2.3) τ(1V (γk1), . . . , 1V (γkn)) ∩ τ(1V (γr1), . . . , 1V (γrn)) = ∅.
Set I := τ(1V (γk1 ), . . . , 1V (γkn)) ⊂ R. Observe that for each δ ∈ A =
∏n
i=1 Vki
and each i ∈ {1, . . . , n}, we have δi ∈ V if and only if Vki ⊂ V , which is equivalent
to saying that γki ∈ V . In particular,
A ⊂ {δ ∈ Γn : τ(1V (δ1), . . . , 1V (δn)) ⊂ I}.
In the same way, bearing in mind (2.3) we have
B ⊂ {δ ∈ Γn : τ(1V (δ1), . . . , 1V (δn)) ∩ I = ∅}.
Now, property (S) of Φ implies that Φ(A) and Φ(B) are Σ-separated. 
Throughout the rest of the subsection we assume that |Γ| ≤ c, which is weaker
than being a Kunen cardinal (Lemma 2.2(ii)). We can suppose without loss of
generality that Γ ⊂ R, so that Γn is equipped with the topology inherited from Rn.
Lemma 2.22. Let A,B ⊂ Γn be open sets. If A and B are τ-separated, then Φ(A)
and Φ(B) are Σ-separated.
Proof. Let OA,OB ⊂ Rn be open sets such that A = Γn ∩ OA and B = Γn ∩ OB.
Both OA,OB are countable unions of (open) products in R
n and, therefore, we can
write A =
⋃
m∈NAm and B =
⋃
m∈NBm, where Am and Bm are products in Γ
n.
For each k,m ∈ N the sets Ak and Bm are τ -separated and Lemma 2.21 ensures
that Φ(Ak) and Φ(Bm) are Σ-separated. Hence the sets Φ(A) =
⋃
m∈NΦ(Am) and
Φ(B) =
⋃
m∈N Φ(Bm) are Σ-separated (by Remark 2.17), as required. 
Remark 2.23. The algebra on Γn generated by products is exactly the collection of
all subsets of Γn which can be written as a disjoint union of finitely many products.
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Proof. Let us write A to denote such collection. In order to prove that A is an
algebra, observe first that A is closed under finite intersections. On the other hand,
given any product W =
∏n
i=1Wi, then Γ
n \W is the disjoint union of all products
of the form
∏n
i=1 Ci, where each Ci is an atom of the algebra on Γ generated by
W1, . . . ,Wn and at least one Ci is disjoint from Wi. So, Γ
n \W ∈ A. It follows
that A is also closed under complements. 
Lemma 2.24. Let A,B ⊂ Γn be such that for each E ∈ Prox(τ) there is WE ⊂ ΓℓE
in the algebra generated by products such that L0E(A) ⊂WE and L
1
E(B)∩WE = ∅.
Then Φ(A) and Φ(B) are Σ-separated.
Proof. We divide the proof into several steps.
Step 1. For each E ∈ Prox(τ), the set WE (resp. ΓℓE \WE) is the union of
a finite collection PE (resp. QE) of products in Γ
ℓE (Remark 2.23). Observe also
that Prox(τ) is finite. Let C1, . . . , Cm be the atoms of the algebra on Γ generated
by the factors of all elements of the collection
⋃
{PE ∪QE : E ∈ Prox(τ)}. Then
eachWE (resp. Γ
ℓE \WE) is a finite union of products with factors in {C1, . . . , Cm}.
We can suppose without loss of generality that Ck ⊂ Ik := (2k, 2k+1) ⊂ R for all
k ∈ {1, . . . ,m}. Thus, if A ⊂ Γn is any product with factors in {C1, . . . , Cm}∪{Γ},
then A is open in Γn, because it can be written as A = Γn ∩ P for some product
P ⊂ Rn with factors in {I1, . . . , Im} ∪ {R}.
Step 2. Fix E ∈ Prox(τ). For i ∈ {0, 1}, consider the equivalence relation ≈iE
on {1, . . . , n} given by
p ≈iE q ⇔ (p, i)E(q, i).
Set
D≈i
E
:= {γ ∈ Γn : p ≈iE q ⇒ γp = γq}
and define ϕiE : D≈i
E
→ ΓℓE by
ϕiE(γ)[(k,i)] := γk, [(k, i)] ∈ ℓE, γ ∈ D≈i
E
.
Let R ⊂ ΓℓE be any product with factors in {C1, . . . , Cm}. It is easy to check
that there is some product A ⊂ Γn with factors in {C1, . . . , Cm}∪{Γ} (in particular,
A is open in Γn) such that (ϕiE)
−1(R) = D≈i
E
∩ A, hence
(ϕiE)
−1(R) ∪ Γn \D≈i
E
= A ∪ Γn \D≈i
E
.
Since
Γn \D≈i
E
= Γn ∩
⋃
p≈i
E
q
{γ ∈ Rn : γp 6= γq},
we conclude that (ϕiE)
−1(R) ∪ Γn \D≈i
E
is open in Γn.
It follows that the sets
A˜E := (ϕ
0
E)
−1(WE) ∪ Γ
n \D≈0
E
B˜E := (ϕ
1
E)
−1(ΓℓE \WE) ∪ Γ
n \D≈1
E
are open in Γn. Moreover, since
L0E(S) = ϕ
0
E
(
S ∩D≈0
E
)
and L1E(S) = ϕ
1
E
(
S ∩D≈1
E
)
for every S ⊂ Γn,
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we have:
• ϕ0E(γ) ∈ L
0
E(A) ⊂WE for every γ ∈ A ∩D≈0
E
, hence A ⊂ A˜E ;
• L0E(A˜E) = ϕ
0
E(A˜E ∩D≈0
E
) ⊂WE ;
• ϕ1E(γ) ∈ L
1
E(B) ⊂ Γ
ℓE \WE for every γ ∈ B ∩D≈1
E
, hence B ⊂ B˜E ;
• L1E(B˜E) = ϕ
1
E(B˜E ∩D≈1
E
) ⊂ ΓℓE \WE .
Step 3. Now let
A˜ :=
⋂
E∈Prox(τ)
A˜E and B˜ :=
⋂
E∈Prox(τ)
B˜E .
For each E ∈ Prox(τ) we have
L0E(A˜) ∩ L
1
E(B˜) ⊂ L
0
E(A˜E) ∩ L
1
E(B˜E) ⊂WE ∩ (Γ
ℓE \WE) = ∅,
hence Lemma 2.16 ensures that A˜ and B˜ are τ -separated. Since A˜ and B˜ are open
in Γn (bear in mind that Prox(τ) is finite), an appeal to Lemma 2.22 allows us to
deduce that Φ(A˜) and Φ(B˜) are Σ-separated. But A ⊂ A˜ and B ⊂ B˜, so the sets
Φ(A) and Φ(B) are Σ-separated as well. This finishes the proof. 
Proof of Lemma 2.7. In view of Lemma 2.16, it suffices to prove that, for any set
R ⊂ Prox(τ), the following statement holds:
〈R〉 If A,B ⊂ Γn satisfy:
(i) L0E(A) ∩ L
1
E(B) = ∅ for every E ∈ R,
(ii) for each E ∈ Prox(τ) \ R there is WE ⊂ ΓℓE in the algebra generated by
products such that L0E(A) ⊂WE and L
1
E(B) ∩WE = ∅,
then Φ(A) and Φ(B) are Σ-separated.
We proceed by induction on |R|. The case |R| = 0 (i.e. R = ∅) has been proved
in Lemma 2.24. So assume that |R| ≥ 1 and that 〈R′〉 holds true for every subset
of Prox(τ) with cardinality less than |R|. Take A,B ⊂ Γn satisfying conditions (i)
and (ii) above. We will check that Φ(A) and Φ(B) are Σ-separated.
Fix E0 ∈ R and set R′ := R \ {E0}. For each E ∈ Prox(τ) \ {E0}, fix disjoint
sets XE , YE ⊂ ΓℓE as follows:
• XE := L0E(A) and YE := L
1
E(B) for E ∈ R,
• XE :=WE and YE := ΓℓE \WE for E ∈ Prox(τ) \ R.
Let V be as in Lemma 2.18. We claim that every W ⊂ ΓℓE0 in the algebra
generated by products belongs to V. Indeed, let A′, B′ ⊂ Γn be sets satisfying
L0E(A
′) ⊂ XE and L1E(B
′) ⊂ YE for every E ∈ Prox(τ) \ {E0}, L0E0(A
′) ⊂ W and
L1E0(B
′) ∩W = ∅. Then:
• L0E(A
′) ∩ L1E(B
′) ⊂ XE ∩ YE = ∅ for every E ∈ R′,
• for each E ∈ Prox(τ) \ R′ there is W ′E ⊂ Γ
ℓE in the algebra generated by
products such that L0E(A
′) ⊂ W ′E and L
1
E(B
′) ∩W ′E = ∅ (take W
′
E0
:= W
and W ′E :=WE for E 6= E0).
Since 〈R′〉 holds, the sets Φ(A′) and Φ(B′) are Σ-separated. Therefore, W ∈ V.
Thus, V contains the algebra on ΓℓE0 generated by products. Since V is a
monotone class (by Lemma 2.18), from the Monotone Class Theorem it follows
MEASURABILITY IN C(2κ) AND KUNEN CARDINALS 15
that the σ-algebra on ΓℓE0 generated by products is contained in V. Now, the fact
that |Γ| is a Kunen cardinal implies that V = P(ΓℓE0 ).
In particular, the set W := L0E0(A) belongs to V. Since L
0
E(A) ⊂ XE and
L1E(B) ⊂ YE for every E ∈ Prox(τ) \ {E0}, L
0
E0
(A) ⊂ W and L1E0(B) ∩W = ∅,
we conclude that Φ(A) and Φ(B) are Σ-separated. This proves that 〈R〉 holds and
the proof of Lemma 2.7 is over. 
3. The case of C(2ω1)
The aim of this section is to give a different, more direct proof of the equality
Ba(Cp(2
ω1)) = Bo(C(2ω1)), see Theorem 3.6 below.
We denote by G the family of all open intervals of R with rational endpoints
and we write J :=
⋃
n∈N G
n. Given a compact space K, n ∈ N, A ⊂ Kn and
J = (J1, . . . , Jn) ∈ G
n, we define
u(A, J) := {g ∈ C(K) : there is (x1, . . . , xn) ∈ A
such that g(xk) ∈ Jk for all k = 1, . . . , n}.
Remark 3.1. In the previous conditions, we have u(A, J) = u(A, J).
Proof. For any g ∈ C(K), the set U :=
∏n
k=1 g
−1(Jk) ⊂ Kn is open, and therefore
U ∩ A 6= ∅ if and only if U ∩ A 6= ∅. 
In Corollary 3.4 we shall isolate a property of a compact space K guaranteeing
that Ba(Cp(K)) = Bo(Cp(K)). To this end we need a couple of lemmas.
Lemma 3.2. Let K be a compact space such that u(F, J) ∈ Ba(Cp(K)) for every
closed set F ⊂ Kn, every J ∈ Gn and every n ∈ N. Then Ba(Cp(K)) = Bo(Cp(K)).
Proof. Let G ⊂ C(K) be open for the pointwise convergence topology. For n ∈ N
and J = (J1, . . . , Jn) ∈ Gn, set AJ :=
⋃
{A ⊂ Kn : u(A, J) ⊂ G}, so that
u(AJ , J) ⊂ G. We claim that
(3.1) G =
⋃
J∈J
u(AJ , J).
Indeed, given any g ∈ G, we can find {t1, . . . , tn} ⊂ K and J = (J1, . . . , Jn) ∈ Gn
such that
g ∈ H := {h ∈ C(K) : h(tk) ∈ Jk for all k = 1, . . . , n} ⊂ G.
Since u({(t1, . . . , tn)}, J) = H ⊂ G, we have (t1, . . . , tn) ∈ AJ and so g ∈ u(AJ , J).
This proves equality (3.1). Now, in view of Remark 3.1, we get
G =
⋃
J∈J
u(AJ , J).
Since J is countable and each u(AJ , J) belongs to Ba(Cp(K)) (by the assumption),
it follows that G ∈ Ba(Cp(K)). Hence Ba(Cp(K)) = Bo(Cp(K)). 
Lemma 3.3. Let K be a compact space, n ∈ N, J ∈ Gn and (Fp)p∈N a decreasing
sequence of closed separable subsets of Kn. Then u(
⋂
p∈N Fp, J) ∈ Ba(Cp(K)).
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Proof. We divide the proof into two steps.
Step 1. u(S, J) ∈ Ba(Cp(K)) for every closed separable set S ⊂ Kn. Indeed,
take D ⊂ S countable with D = S. By Remark 3.1, we have
u(S, J) = u(D, J) =
⋃
x∈D
u({x}, J).
Since each u({x}, J) belongs to Ba(Cp(K)), the same holds for u(S, J).
Step 2. Write J = (J1, . . . , Jn) and set F :=
⋂
p∈N Fp. For each m ∈ N, choose
Jm = (Jm1 , . . . , J
m
n ) ∈ G
n
such that Jmk ⊂ J
m+1
k and
⋃
m∈N J
m
k = Jk for every m ∈ N and k ∈ {1, . . . , n}.
According to Step 1, in order to prove that u(F, J) ∈ Ba(Cp(K)) it suffices to check
that
(3.2) u(F, J) =
⋃
m∈N
⋂
p∈N
u(Fp, J
m).
To this end, observe first that if g ∈ u(F, J) then there is (x1, . . . , xn) ∈ F such
that g(xk) ∈ Jk for all k. Since Jk =
⋃
m∈N J
m
k and J
m
k ⊂ J
m+1
k , we can find m ∈ N
large enough such that g(xk) ∈ Jmk for all k, hence g ∈ u(F, J
m) ⊂
⋂
p∈N u(Fp, J
m).
To check “⊃” in (3.2), fix g ∈
⋃
m∈N
⋂
p∈N u(Fp, J
m). Then there exists m ∈ N
such that, for each p ∈ N, there is some xp = (xp1, . . . , x
p
n) ∈ Fp with the property
that g(xpk) ∈ J
m
k for all k. Let x ∈ K
n be any cluster point of the sequence
(xp)p∈N. Then x ∈ F and g(xk) ∈ Jmk ⊂ Jk for all k, witnessing that g ∈ u(F, J).
This proves (3.2) and we are done. 
As an immediate consequence of Lemmas 3.2 and 3.3 we get:
Corollary 3.4. Let K be a compact space such that, for each n ∈ N and each closed
set F ⊂ Kn, there is a decreasing sequence (Fp)p∈N of closed separable subsets of Kn
such that F =
⋂
p∈N Fp. Then Ba(Cp(K)) = Bo(Cp(K)).
It turns out that the previous criterion can be applied to 2ω1 , as we next show.
Lemma 3.5. For each closed set F ⊂ 2ω1 there is a decreasing sequence (Fp)p∈N
of closed separable subsets of 2ω1 such that F =
⋂
p∈N Fp.
Proof. By Parovicenko’s theorem (cf. [11, 3.12.18]), every compact space of weight
less than or equal to ω1 (like F ) is a continuous image of βN\N. Let q : βN\N→ 2ω1
be a continuous mapping with q(βN \ N) = F . Then q can be extended to a
continuous mapping g : βN → 2ω1 . Indeed, fix α < ω1, let πα : 2ω1 → {0, 1}
be the α-th coordinate projection and apply Tietze’s theorem to find a continuous
mapping fα : βN→ [0, 1] such that fα|βN\N = πα ◦ q. Since f
−1
α ({0}) and f
−1
α ({1})
are disjoint closed subsets of the 0-dimensional compact space βN, there is a clopen
set Aα ⊂ βN such that f−1α ({0}) ∩ Aα = ∅ and f
−1
α ({1}) ⊂ Aα. Now, it is easy to
check that the continuous mapping g : βN → 2ω1 defined by πα ◦ g := 1Aα for all
α < ω1 satisfies g|βN\N = q.
MEASURABILITY IN C(2κ) AND KUNEN CARDINALS 17
For each p ∈ N, the set Zp := βN \ {1, . . . , p} is closed and separable, hence
the same holds for Fp := g(Zp) ⊂ 2ω1 . Since (Zp)p∈N is a decreasing sequence of
compact sets and g is continuous, we have⋂
p∈N
Fp =
⋂
p∈N
g(Zp) = g
(⋂
p∈N
Zp
)
= g(βN \ N) = q(βN \ N) = F,
and the proof is over. 
Finally, we can give an alternative proof of the following:
Theorem 3.6. Ba(Cp(2
ω1)) = Bo(C(2ω1)).
Proof. As we pointed out in the introduction, for any cardinal κ we always have
Bo(Cp(2
κ)) = Bo(C(2κ)).
On the other hand, Ba(Cp(2
ω1)) = Bo(Cp(2
ω1)), by Corollary 3.4 and Lemma 3.5
(bear in mind that all finite powers of 2ω1 are homeomorphic to 2ω1). 
Remark 3.7. Let us say that κ is a Parovicenko cardinal if every compact space of
weight less than or equal to κ is a continuous image of βN \ N. This is the only
property of the cardinal ω1 that we have used in the proofs of Lemma 3.5 and
Theorem 3.6, so we have indeed shown that:
Ba(Cp(2
κ)) = Bo(C(2κ)) whenever κ is a Parovicenko cardinal.
Notice that van Douwen and Przymusin´ski [6] proved that, under Martin’s axiom,
all cardinals < c are Parovicenko cardinals. We do not known whether the analogue
of Lemma 3.5 for 2κ is true if κ is a Kunen cardinal.
Recall that a Banach space X is measure-compact (in its weak topology) if and
only if, for each probability measure µ on Ba(Xw), there is a separable subspace
X0 of X such that µ
∗(X0) = 1. Such a property has been considered in connection
with Pettis integration, see e.g. [10, 28]. The following consequence of Theorem 3.6
was first proved in [23] by a completely different approach.
Corollary 3.8. C(2ω1) is measure-compact.
Proof. Let µ be a probability measure on Ba(Cw(2
ω1)) = Bo(C(2ω1)). Since the
metric space C(2ω1) has density character ω1 (which is not real-valued measurable),
a classical result due to Marczewski and Sikorski (cf. [20, Theorem III]) ensures that
µ has a separable support. 
In Corollary 3.8 one can replace ω1 by any κ which is a Kunen cardinal, since
in such a case no cardinal κ1 ≤ κ is real-valued measurable, see [17]. However, for
κ > ω1 the result of [23] is more general: under the absence of weakly inaccessible
cardinals C(2κ) is measure-compact for every κ.
Let us also mention another consequence of Theorem 3.6; cf. [22] for some results
on Borel structures in nonseparable metric spaces. We refer to [5] for the definition
of cardinal p.
Corollary 3.9 (p > ω1). Bo(C(2
ω1)) is countably generated.
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Proof. Let A ⊂ 2ω1 be a countable dense set and let Σ be the σ-algebra on C(2ω1)
generated by {δa : a ∈ A}. Clearly, Σ is countably generated. It follows from
p > ω1 that every x ∈ 2ω1 is a limit of a converging sequence from A, see e.g. [5,
Theorem 6.2]. This implies that δx is Σ-measurable for every x ∈ 2ω1 , and we get
Σ = Ba(Cp(2
ω1)) = Bo(C(2ω1)), which completes the proof. 
4. Non weak Baire measurable norms
An equivalent norm on a Banach space X is Ba(Xw)-measurable (as a real-
valued function defined on X) if and only if its balls belong to Ba(Xw). Clearly,
this implies that all singletons belong to Ba(Xw), which is equivalent to saying
that the dual X∗ is w∗-separable, cf. [16, Theorem 1.5.3]. There are Banach spaces
with w∗-separable dual which admit a non Ba(Xw)-measurable equivalent norm,
like ℓ∞ and the Johnson-Lindenstrauss spaces, see [24]. Obviously, if the equality
Ba(Xw) = Bo(X) holds, then all equivalent norms on X are Ba(Xw)-measurable.
The aim of this section is to show that the converse holds for C(2κ) and ℓ1(κ), see
Corollary 4.5.
Recall that a function f : Ω → X from a measurable space (Ω,Σ) to a Banach
space X is called scalarly measurable if the composition x∗ ◦ f is Σ-measurable for
every x∗ ∈ X∗, i.e. f is Σ-Ba(Xw)-measurable. We shall also use the following
notion introduced in [14]:
Definition 4.1. Let X be a Banach space. A family {(xα, x∗α) : α ∈ I} ⊂ X ×X
∗
is called a bounded almost biorthogonal system (BABS) of type η ∈ [0, 1) if
(i) {xα : α ∈ I} and {x∗α : α ∈ I} are bounded,
(ii) x∗α(xα) = 1 for every α ∈ I,
(iii) |x∗α(xβ)| ≤ η whenever α 6= β.
Lemma 4.2. Let X be a Banach space having a BABS {(xα, x∗α) : α ∈ I} of type
η ∈ [0, 1). Suppose there is a measurable space (Ω,Σ) and a mapping i : Ω → I
such that:
• the function f : Ω→ X defined by f(θ) := xi(θ) is scalarly measurable,
• there is A ⊂ I such that i−1(A) 6∈ Σ.
Then there is an equivalent norm on X which is not Ba(Xw)-measurable.
Proof. Fix an equivalent norm ‖ · ‖ on X and set C := sup{‖xα‖ : α ∈ I}. The
formula
‖x‖0 := C
−1max
{
‖x‖, C sup
α∈I
|x∗α(x)|
}
defines an equivalent norm on X (bear in mind that {x∗α : α ∈ I} is bounded) such
that ‖xα‖0 = 1 for all α ∈ I. Fix 1 < u < v < η−1 (with the convention 0−1 =∞)
and set b(α) := u if α ∈ A, b(α) := v if α ∈ I \A. The formula
|x| := max
{
‖x‖0, sup
α∈I
b(α)|x∗α(x)|
}
defines another equivalent norm on X .
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We claim that | · | is not Ba(Xw)-measurable. To prove this, it suffices to check
that the real-valued function θ 7→ |f(θ)| is not Σ-measurable (bear in mind that
f is Σ-Ba(Xw)-measurable). Fix θ ∈ Ω. For each α ∈ I with α 6= i(θ) we have
|x∗α(f(θ))| = |x
∗
α(xi(θ))| ≤ η and so
b(α)|x∗α(f(θ))| ≤ b(α)η < 1 = ‖f(θ)‖0.
On the other hand, b(i(θ))|x∗
i(θ)(f(θ))| = b(i(θ)) > 1 = ‖f(θ)‖0. It follows that
|f(θ)| = max
{
‖f(θ)‖0, sup
α∈I
b(α)|x∗α(f(θ))|
}
=
= b(i(θ)) = u1i−1(A)(θ) + v1Ω\i−1(A)(θ)
for all θ ∈ Ω. Since i−1(A) 6∈ Σ, the function θ 7→ |f(θ)| is not Σ-measurable. 
Lemma 4.3. Let X be a Banach space having a bounded biorthogonal system
{(xα, x∗α) : α ∈ I}. Let U ⊂ I × I be a set such that:
(a) α 6= β for every (α, β) ∈ U ,
(b) (β, α) 6∈ U whenever (α, β) ∈ U .
Then:
(i) The family
(4.1)
{(
xα + xβ ,
x∗α + x
∗
β
2
)
: (α, β) ∈ U
}
⊂ X ×X∗
is a BABS of type 1/2.
(ii) The function f : U → X given by f(α, β) := xα+xβ is scalarly measurable
when U is equipped with the trace of P(I)⊗ P(I).
Proof. To prove (i), fix (α, β) and (α′, β′) in U . Then
d := (x∗α + x
∗
β)(xα′ + xβ′) = δα,α′ + δα,β′ + δβ,α′ + δβ,β′
and therefore:
• If (α, β) = (α′, β′), then α 6= β′ and α′ 6= β (by (a)), hence d = 2.
• If α = α′ and β 6= β′, then α 6= β′ and α′ 6= β (by (a)), hence d = 1.
• If α 6= α′ and β = β′, then α 6= β′ and α′ 6= β (by (a)), hence d = 1.
• If α 6= α′ and β 6= β′, then d ∈ {0, 1}, because in this case we have α 6= β′
whenever α′ = β (by (b)).
It follows that (4.1) is a BABS of type 1/2.
To prove (ii), fix x∗ ∈ X∗. For each r ∈ R, the set
{(α, β) ∈ U : x∗f(α, β) < r} = {(α, β) ∈ U : x∗(xα) + x
∗(xβ) < r} =
=
⋃
p,q∈Q
p+q<r
{(α, β) ∈ U : x∗(xα) < p, x
∗(xβ) < q} =
= U ∩
⋃
p,q∈Q
p+q<r
{α ∈ I : x∗(xα) < p} × {β ∈ I : x
∗(xβ) < q}
belongs to the trace of P(I)⊗ P(I) on U . So, f is scalarly measurable. 
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We arrive at the key result of this section.
Theorem 4.4. Let X be a Banach space having a biorthogonal system of non
Kunen cardinality. Then there exists an equivalent norm on X which is not Ba(Xw)-
measurable.
Proof. Let κ be a non Kunen cardinal such that X has a biorthogonal system of
cardinality κ. Suppose first that κ > c. Then |X | > c and so X∗ is not w∗-separable
(bear in mind that any Banach space having w∗-separable dual injects into ℓ∞).
Thus, in this case all equivalent norms on X are not Ba(Xw)-measurable.
Suppose now that κ ≤ c. Fix a bounded biorthogonal system
{(xα, x
∗
α) : α ∈ I} ⊂ X ×X
∗
with |I| = κ (cf. [15, Theorem 4.15]). We can assume that I ⊂ R. Then
U := {(α, β) ∈ I × I : α > β} and V := {(α, β) ∈ I × I : α < β}
belong to P(I)⊗ P(I), because they can be written as
U =
⋃
p,q∈Q
p>q
I ∩ (p,∞)× I ∩ (−∞, q) and V =
⋃
p,q∈Q
p<q
I ∩ (−∞, p)× I ∩ (q,∞).
Since |I| is not a Kunen cardinal, there is a set B ⊂ I × I which does not belong
to P(I)⊗ P(I). As we noticed in the proof of Lemma 2.2, we have
B \ (U ∪ V ) ∈ P(I)⊗ P(I),
therefore either B ∩ U 6∈ P(I) ⊗ P(I) or B ∩ V 6∈ P(I) ⊗ P(I). From now on we
assume that B ∩ U 6∈ P(I)⊗ P(I) (the other case is analogous).
Let ΣU be the trace σ-algebra of P(I) ⊗ P(I) on U . Observe that U satisfies
conditions (a) and (b) of Lemma 4.3, hence the family{(
xα + xβ ,
x∗α + x
∗
β
2
)
: (α, β) ∈ U
}
⊂ X ×X∗
is a BABS of type 1/2 and the function f : U → X given by f(α, β) := xα + xβ
is scalarly measurable with respect to ΣU . Since A := B ∩ U 6∈ ΣU (bear in mind
that ΣU ⊂ P(I) ⊗ P(I)), an appeal to Lemma 4.2 ensures the existence of a non
Ba(Xw)-measurable equivalent norm on X . The proof is over. 
Let κ be a cardinal. For each α < κ, define (eα, e
∗
α) ∈ ℓ
1(κ)× ℓ1(κ)∗ by declar-
ing eα(β) := δα,β for all β < κ and e
∗
α(f) := f(α) for all f ∈ ℓ
1(κ). Then
{(eα, e∗α) : α < κ} is a biorthogonal system. Moreover, since ℓ
1(κ) is isomorphic to
a closed subspace of C(2κ), the Hahn-Banach theorem ensures that C(2κ) also has
a biorthogonal system of cardinality κ. From Theorems 2.8 and 4.4 we now get:
Corollary 4.5. The following statements are equivalent for a cardinal κ:
(i) κ is a Kunen cardinal.
(ii) All equivalent norms on ℓ1(κ) are Ba(ℓ1(κ)w)-measurable.
(iii) All equivalent norms on C(2κ) are Ba(Cw(2
κ))-measurable.
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It is clear that an equivalent norm on a Banach space X is Ba(Xw)-measurable
whenever its closed dual unit ball is w∗-separable. However, the converse is not
true in general (for an example with X = ℓ∞, see [24]). On the other hand, it was
shown in [14] that the following properties are equivalent:
(i) All equivalent norms on X have w∗-separable closed dual unit ball.
(ii) There is no uncountable BABS on X .
Moreover, when X is a dual space, (i) and (ii) are equivalent to the separability
of X , cf. [15, Corollary 4.34]. Our last result complements such equivalence.
Proposition 4.6. Let Y be a separable Banach space not containing ℓ1. The
following statements are equivalent:
(i) Y ∗ is separable.
(ii) All equivalent norms on Y ∗ are Ba(Y ∗w)-measurable.
Proof. It only remains to prove (ii)⇒(i). Since Y is separable, its dual X := Y ∗
is a representable Banach space. Thus, if we assume that X is not separable, then
there is a bounded biorthogonal system {(xα, x∗α) : α < c} ⊂ X × X
∗, cf. [15,
Theorem 4.33]. Let D ⊂ Y be a countable norm dense set. We claim that
(4.2) Ba(Xw) = σ(D).
Indeed, fix y∗∗ ∈ X∗ = Y ∗∗. By the Odell-Rosenthal theorem (cf. [7, Theorem 4.1])
there is a sequence (yn)n∈N in Y converging to y
∗∗ in the w∗-topology. Since D is
norm dense in Y , we can find y′n ∈ D such that ‖yn−y
′
n‖ ≤ 1/n. Then (y
′
n)n∈N also
converges to y∗∗ in the w∗-topology and so y∗∗ is σ(D)-measurable. As y∗∗ ∈ X∗
is arbitrary, equality (4.2) holds.
In particular, Ba(Xw) is countably generated. Thus, |Ba(Xw)| = c < 2
c and
hence there exists A ⊂ c such that {xα : α ∈ A} does not belong to the trace
of Ba(Xw) on Ω := {xα : α < c}, which we denote by Σ. Since the “identity”
function f : Ω → X satisfies the assumptions of Lemma 4.2 (with respect to Σ),
the space X admits a non Ba(Xw)-measurable equivalent norm. 
Remark 4.7. If c is not a Kunen cardinal, then statements (i) and (ii) of Proposi-
tion 4.6 are equivalent for any separable Banach space Y .
Proof. It only remains to prove that (ii) fails when Y contains ℓ1. In this case, ℓ1(c)
is isomorphic to a closed subspace Z of Y ∗ (cf. [7, Theorem 4.1]). By Corollary 4.5,
there is a non Ba(Zw)-measurable equivalent norm ‖ · ‖Z on Z. Since the trace of
Ba(Y ∗w) on Z is exactly Ba(Zw), we conclude that any equivalent norm on Y
∗
extending ‖ · ‖Z (cf. [4, II.8.1]) cannot be Ba(Y ∗w)-measurable. 
However, if c is a Kunen cardinal, then Ba(C[0, 1]∗w) = Bo(C[0, 1]
∗) (see Re-
mark 2.12) and so all equivalent norms on C[0, 1]∗ are Ba(C[0, 1]∗w)-measurable,
while C[0, 1]∗ is nonseparable.
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